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Advanced:

R. N. Bracewell: ,, The Fourier Transform and Its Application*, McGraw-Hill, New York,

1986.

1. Mathematical Background

1.1. Some Definitions

(recap: math II lectures and webpages)

Periodic functions:

[1.1.1]

A function is periodic (repetitive) when f (t +T) = f (1) is valid for all t. Then T is called the period

of the function.

Even functions:
A function is even when f (-t) = f (t)
Example: cos(t)

b 0

b b
Integral: C‘)‘(t) dt = c‘)‘(t) a p C‘)‘(t) dt =2 (\j(t)dt
-b -b 0

0

Odd functions:
A function is odd when f (-t) =- f(t)

Example: sin(t)

b 0 b
Integral: c\j(t) dt = - c‘j(t) a p c‘j(t) it =0
0 -b -b

Products of even/odd functions:
Even - Even = Even
Even - Odd = Odd
Odd - Even = Odd
Odd - Odd = Even

[1.1.2]

[1.1.3]

[1.1.4]

[1.1.5]

[1.1.6]
[1.1.7]
[1.1.8]
[1.1.9]
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1.2. Fourier Series

Fourier-Theorem: (Synthesis equation)
Any continuous, periodic (repetitive) function f(t) with a repeat period T can be expressed by a sum
of sine- and cosine-functions (Fourier-series):

f(t) ——+aancos§ﬁit + by, sin (;@ 9 [1.2.1]
n=1 e
I 1
or with linear frequency n = T
é
ft) =—+a an cos(2pmnt) + by, sin (2pmnt) [1.2.2]
n=1
or with angular frequency W =2pn
g 3 .
f(t) = al an cos(wnt) + kb, sin (wnt) [1.2.3]
n=1

where a, /2 represents the average value (often called DC-value, because it corresponds to zero

frequency). a, and b, are the amplitudes of the sine/cosine terms and are called Fourier-
coefficients.

The typical example is the representation of a square wave (see Fig. 1) as a superposition of
sine/cosine-waves. To have a simple start, we define it with period T and even (hence sine-
components do not distribute in the superposition and all b, are zero).

The analysis (see later) gives:

Ft) =L +2co a‘izpt--_ B 2P
2p e T

8%2pt--— aE'72'0t°+
g 3p e T g

o+_
g 5p eTﬂ7p

3
Fty=1+2 ()" cosa‘fzn+1)2IO 0
2 p QA o+l g P
n=

The ‘spectrum’ that is the amplitude of the a, versus frequency (rather than time!) is then

n 0 1 2 3 4 5 6 7

& | L 2 o 2 o 2 o 2

2 p 3p 5p P

nzi 0 1 2 3 4 5 6 7
T

This distribution (spectrum) is shown in Fig. 2.

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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T4 T4

A
4

(1)

I-T_/z I T2

n=0 >t Consecutwe sums

Fig. 1: Superposition of cosine-functions to form a square wave, f(t). On the left individual terms, on the right
their sum (e.g. for N=3 this sum corresponds to summing nN=0, 1 and 3).

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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Fig. 2: Spectrum of the Fourier-coefficients versus their frequencies (abscissa in multiples of 1/T)

Fourier Theorem: (Analysis equation)
The Fourier-coefficients can be calculated (see Math II handout) by using

T/2
(‘)‘ (t)dt [1.2.4]
-T/2
T/2 20N ) T/2 ) T/2
pn 0 \ _ \
Of(t)cos t+ dt— T d(t)cos(met)dt = = d(t)cos(wnt)dt [1.2.5]
-T/2 -T/2 -T/2
2 T/2 ) T/2 ) T/2
Of(t)sma@_?n Sdt= = (J ©sin(pmt)dt = = (J @ sin(wnt)dt  [1.26]
-T/2 -T/2 -T/2

Hence for the square-wave in Fig. 1:

1 for -I<t£I
for one period T : f(t) =i T 4_|_ T
i0 for - —£t<-— U 4<tf£—

2 4 2

IT/4 16T Tu 1

\ e u

an =— dt = — —+—"=—

=1 O T& 4 2
-T/4

University of Canterbury
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T/4 /4 .
an -2 (‘)cos{,‘ez—pt dt = 2eT aQan ou -1 Smg?llg.l
T g eT g T&pn eT gﬂTM png &2 4
2 2 2
=—,0,-—,0,—,0,... for n=1,2,3,4,5,6,...
Y 3p 5p
T/4 T/4 & \
b =2 \sinﬁg—pn 0dt geT ae2pn au =.1¢ 0S¢ gno. cos n(.'.1'1—0
" TTC/)4 elT g Tepn eT &JLTM png: ezé 97%

Complex Notation:
It is more compact to express Fourier series in complex notation. Then

f(t) = a Cy ex pgu 2pn, 0 [1.2.4]
ﬂ
n=-¥
3 .
f() = @ Ccnexplizpmt) [1.2.5]
n=-¥
) .
f(t) = g cnexp(iwnt) [1.2.6]
n=-¥

with sin(nt):%[eint '”t] and cos(nt) ;[eint +e-int]
|

T/2
OJ ® exp(- inwt) dt [1.2.7]
-T/2

hence: Cn :%(an - iby) :%

where n can be positive, negative and zer o!
This expansion to negative n is a further generalisation. It can be understood in terms, that the

complex exponential function is sensitive to the direction in which the function is moving when
displayed on a complex circle (Argaud diagram).

1 S . . .
Because ofcos(Wt) = E[e'Wt +e 'Wt] we can think of two vectors in the Argaud circle,

. . » 2 . :
one rotating with positive W = -P anticlockwise
T
and one rotating with negative - W = - ?p clockwise. Their sum however is real, as shown is the

following sketch. On the right the spectrum is shown.

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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imag
G(w)
AN
» -0.5
>—> real
> W
- W 0 +W
Analogously, we get for sin (Wt) = 2i[e'Wt - e th] an imaginary result.
|
imag
G(w)
A
- 0.5i
> real W
v P\ >W
-W
We want to repeat the analysis for the square-wave in Fig. 1 now in complex notation:
-:-1 for - £<t£}
for one period T : f(t) = i T T . T
10 for - —£t<-— U 4<t£—
| 2 4 2
T/2 T/4 _ T4
_ 1 éexp(- inwt)Qy
) ex inwt X inwt — Qg
d() p ) Op( ) TS - inw H-T/4
-T/2 -T/4
with W—E
T
[ po & po & po &P CLl
C XpC- IN—=+- exp &n :
”2pn§§ 25 32aﬂzpn e g O
= oin®PO = LG BPY i n=-v, -2-1,012,.. ¥
2pn e 2g pn e 2g
Peosln®)
for n=0 we get zero/zero, so we try L’Hospital’srule: ¢, = lim ¢, = T = >
n® 0

the rest of the C, is half the value of the a, as defined in eq. [1.2.7]

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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1.3. Fourier Transform

Consider now a non-repeating, arbitrary function, which has a duration equal or less to T.

a(t)
AN
VAN
In order to calculate the Fourier-coefficients of this function g(t), we assume that it repeats after a
time T. Hence we can treat it as a Fourier series.

a(t)

LA

The distribution of Fourier-coefficients, the spectrum, might then look like the following sketch, note
the intervals on the frequency axis. (Important: This graph is showing the real part of the spectrum
only, we realise that we might get a somewhat different distribution for the imaginary part of the
spectrum - however with the same abscissa).

G(w)

-109 8-76-54-3-2-101234356 7382910

rrrTrT7Trr7r7 1717 TTTTTTTTTT

In the limit T ® ¥ the spectrum becomes continuous. On the other hand that means that the
function’s abscissa is scaled to infinity, hence repeating doesn’t matter anymore - just as a thought.
Hence, any function -repetitive or not- can be represented as a superposition of sine/cosine
functions. Then the summation is over a continuum of frequencies and the spectrum a continuous
function G(W) (see following sketch).

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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N

(WA A |\ ey

/
W w+dw
The original function g(t) can now be reconstructed from the spectrum G(w). Therefore, consider an
interval between W and w + dw with an amplitude of G(w). Thus g(t) can be written as:

¥
gt) = c‘j;(w) exp (iwt) dw [1.3.1]
- ¥

Compare this to eq. [1.2.6]. The continuous sampling converts the sum into an integral and since n
becomes continuous we can integrate over it.

Equation [1.3.1] is the definition of the INVERSE FOURIER TRANSFORM.

The forward action, which generates G(w) from g(t) is therefore:
¥

The FOURIER TRANSFORM: G(W) = C‘y(t) exp(- iwt) dt [1.3.2]
-¥

However, these functions are not normalised yet. To generate G(W) from ¢(t) and from that again
g(t), we have to make sure that consecutive application of the transformations doesn’t re-scale the
function. We find a factor of 1/2p missing and distribute it symmetrically over both transforms.
(However, normalisation doesn’t really matter for this course).

Fourier-Transform:

¥
. 1 .
W °§ o= - QO exp(- iwt)dt
- ¥
Inverse Fourier-Transform:
00 ° §ew= oo pwexplwt)aw
- ¥

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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Example: Again the square wave from Fig. 1, now non-repetitive, but normalised... the so-called
»Top-Hat* function. It could be a short DC-(electrical) puls.

2 9(H)

1/T
normalised area=1
> {
-T/2 0 T/2
¥ T/2
G(W) = c‘y(t) exp(- iwt) dt = G_—exp(- iwt) dt
- ¥ -T/2
16 opl )y’ ? _i Gowl WD) ewlwI)y
T 8 iw H T/2 T g w H
:i_ SCOS(W%)- i sin W%)- cos(W%)- iSin(W%)B:i_' 2isin (W%) _ 2sin (\N%)
Té w a T w wT
e u
T
= va\(/\gi) 0 sinc (\N%)
2

which is the so-called SINC-function (sinc(X) = sin(X)/X) (Note that sinc(0) = 1, see example of
L’ Hospital’s rule above).

A G(w)

—8n/l" —6x/T -4p/T -2p/T O 2p/T  4p/T  6w/T &w/T"

2 . . . . .
The first roots are at Wy = i?p with G(W,1)=0. The sinc-function continues to oscillate

towards infinity, however with a hyperbolic damped amplitude.

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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1.4. Theoremsof theFourier Transform

1.4.1 The Smilarity Theorem (axis-scaling/sampling theorem for discrete data)
Iff(t) has the Fourier transform F(w), then f(at) has the Fourier transform e (w/a).  [1.4.1]
a

The wider f(t) the narrower F(W) and vice versa.

Pr oof: (g f(at) (\j (at) exp(- iwt)dt substitute t =at
¥
¥
S(f(t)) = N (t)ex (-iﬂt)ﬂ—l L~ (t)exp(-i L t)dt —lF(w/a)
d P a a a \/% d P a a
-¥ - ¥
Example:

- %®

)

A pulse of duration Dt contains a frequency spread Dw such that
Dt Dw » 2p = const.

Hence a delta function transforms into a constant!

1.4.2 Addition Theorem [1.4.2]
If f(t) and g(t) have the Fourier transforms F(w) and G(w) then f(t) + g(t) has the Fourier
transform F(w) + G(w).

Pr oof: trivial

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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Example:

- %@

- §®

{_Ll

Object on the left. Fourier transform on the right (green: real part, red: imaginary part). Last row
right sum of all the FTs. Inverse FT gives the image on the left (clearly the sum of the objects).

=

© Dr. Peter Blimler School of Physical Sciences University of Canterbury



PH 502: Image Processing Fourier-Series/Transforms page:13

1.4.3 Shift Theorem [1.4.3]
If f(t) has the Fourier transforms F(w), then f(t-t) has the Fourier transform exp (- iwt )F(W) .

Shifting a function causes an additional phase in the Fourier transform.

¥

Proof: §(f(t - t))=L d‘(t- t)exp(-iwt)dt substitute f =t- t

V2p

-¥
¥

¥
S )):%p-g(f)exp(-iw(f +1t))df :%p_?(f)exp(-i\m exp(- iwf) df

¥
= exp(- iwt)%p c‘)‘ (f) exp(- iwf Xdf = exp(- iwt) F(w)
-¥

Example:
- §®
- §®
1.4.4 Parceval’s Theorem (Rayleigh’s Theorem) [1.4.4]

The integral of the square modulus of a function is equal to the square modulus of its spectrum:

¥ ¥ ¥ ¥
df O dt = (‘j(t)f*(t)dt = dc(w)|2dwz (‘j:(w)F*(w)dw
-¥ -¥ -¥ -¥

Proof: needs convolution theorem (later)

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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Example: (as shown on page 10, where we had neglected the factor \/;_ from the definition in eq.
p
[1.3.3])
i AwI) e wI
_1'1 for -I<t£l 1 sm( E)OSIHC(W?)
ft) =1 9 > and F(w) = N NoTS
f0 everywhere else P wo 2p
¥ ¥ T/2 | ! i
24t = & * - A — T/2 _
(‘:bf O dt= Fof o = q_—zdt_T—z[t]_T/z ==
-¥ -¥ TR
j 2d ¥\ F* d 1 ¥\Sin 2 (\N%)d
W)~ dw = wWF  (w)dw=— w
Gl dw= GFWF (wdw=—- O
-y -¥ ¥ 4
¥\sin2(aw) p Y ) I p _1
with dw == hence d:(w)| dw=—- _=_
(aw)? a y 2p % T
4 _
1.5. DiscreteFourier Transform
1.5.1 Definition
t f
oTeg
.“‘—..‘“ ..‘. ‘.
-« ® ® -
il I t
“
t
<« Nt »

The function above consists of N points sampled at regular intervals t. It can be assumed to be
periodic as done in the definition of the Fourier transform but the time axis is now identical to Nt for
which we can substitute using the similarity theorem in [1.4.1]. Hence,

f(Nt) has the Fourier transform ﬁ F(W/ N)

where we have to replace the integral in the definition of the Fourier transform by a discrete sum,
giving the following definition of the discrete Fourier transform:

N )
S(f®)=Fw) = %é f(t)exp?i%tg [1.5.1]
t=1

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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The quantity W/N is analogous to frequency measured in cycles per sampling interval.

time frequency
continuous FT t w
discrete FT t w
N
Examples: sce MATLAB workshop.
1.5.2 Nyquist’s Theorem and Aliasing [1.5.2]

Sampling can cause problems - it can lead to ambiguity in the apparent frequency of the sampled
waveform. That is for instance the case when a sine wave has the same period as the sampling rate, t
or sampling frequency ns = 1/1.

%AAAA%AAA#t
VAV.EVAV.RAVRAVEVE

——

t
Although the sampled function is a sine, we obtain a wrong straight line. However, there is nothing
we can do against it at a given sampling frequency.

Nyquist’s Theorem:

For a waveform to be sampled unambiguously, the waveform must not contain any frequency
1 Wg

components greater than+ —S =t —=x—
PONCIS &F I T

Or alternatively:

For a waveform to be sampled unambiguously, the sampling frequency must be at least twice that of
the highest frequency component in the waveform.

Ambiguities cause effects which are called aliasing. This describes a misinterpretation of the
measured frequencies having a change in sign.

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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AAINATANAd
VN Y

Although the blue dashed waveform (a) is much lower than the red (b), they both result in the same
sampled values, because waveform (b) is higher than half the sampling frequency. What happens to
the spectrum is shown below.

0 spectrum

P aliased

\ 4
-

D |
Sk=——————

)
+

_rb _2_S

t\)lm
+
o

o
5

From the figure above it becomes clear that:
Ny =NNg +N,

An identical effect is that in movies (24 frames per second) often wheels seem to turn backwards,
because they rotate faster than 12 Hz / number of spokes.

Another example is the recording of music CDs. The analogue-to-digital conversion (ADC) is
done at a frequency of 44kHz. Care must be taken that no frequencies (from microphones,
instruments) which exceed half the sampling frequency -here +22kHz- are recorded. They might be
inaudible in the studio, but the digitalisation process converts/aliases them to lower frequencies. E.g.
a frequency of 46 kHz would replay as 2kHz - which will be distinctly audible.

To prevent this the audio signal is pre-processed by running through an analogue low-pass filter with
a sharp cut-off at 22kHz.

Further examples: See MATLAB workshop.

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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1.5.3 Propertiesof the Discrete Fourier Transform

Theorem: [1.5.3]
If f(t) is sampled N times in the time interval - %£ t£ % then F(n) will contain N discrete

. . n . .
frequencies in the interval * TS , with ng as the sampling frequency.

As illustrated in the following figure:

Af()
]
@ ®
¢ ®
®
—> f() assumed
f() assumed 1 to repeat
to repeat
>t
-T2 0 T/2
» T =Nt >
¢ N (D)
! F
n t
F(n) repeats ® () repeats
-—>
T dn
t e s oo ] | S
Z N
/2 0 )
< Dn = Ndn >
where nNg= sampling frequency in time domain = %
dn = sampling step in frequency domain = Tl
Dn = sampling interval in the frequency domain =g

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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Example:

A signal is sampled 1024 times in a millisecond (T =107 s), hence has a sampling interval of

{ = 107 3s
1024
The sampling frequency is Ng _tl = % =1.024 MHz
10" s

The spectrum F(n) (after discrete FT) then consists of N points which are spaced in multiples of
1 _ 1 _Ng _
1.5.4 Calculation of the DFT

For simplicity we only use positive times/frequencies:
For N sampled points:

f(t) samples are at
t=rt withO£r £ (N-1)

haat .

0 t rt (N-It
F(n) after DFT samples are at
n=0,dn,2dn,..., (N-1)dn
with dn -1
T
T T T T n=qdn with0£q£ (N-1)
n

From eq. [1.5.1] the DFT is defined as:

N
_ — o W 0
S(fM)=Fw) = We} <t>exp<;— N
or with the new definitions
1 No_1 pl
F(gdn) = Wa (rt)expg qdnrt [1.5.4]
r=0

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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No-l
a fw' [1.5.5]
=0

-

with WP exp & 2_5'9, Fq® F(qdn) and f, © f(rt)
e (4]

N -
then the inverse DFT is f, = é FqW'rq [1.5.6]

Example: 4-point DFT
some function complex g G=1, g=1+,0=0,g=1-i

hence W= expg 2pio_ exp? Po_ _;
e 2 e 29

andW=1,W=-i W=-1,W=i,W=1,..

3
calculation of Gq = lé Or W' for q=0,1,2,3:
4r=0
13 1 1 3
forg=0: Gy = —Q g W’ ==[go+g+g+ ] =—[l+1+i+1-i]=2
4%, 4 4 4
1 3 r 1 0 1 ) 311 . . 3
forg=1: G =— & gy W' =—|gW" + gW' + gW* + gaW? [=~[1- i +1+0+i +1]==
47, 4 4 4
13 1 1
for=2: Gy =— § gy W == [goWO + W2 +goW* + 93W6]= - =
47 4 4
13 i _ 1 0 3 6 9 1
for g=3: G3:Zangr=Z[goW + W~ + W™ +g;W ]:'Z
r=0

hence G = %[3, 3,-1,- 1]

We realise that we had to do 4 ~ 4 multiplications for the DFT, generally it would be N =~ N
multiplications.

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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155 The Fast Fourier Trandform Algorithm (FFT) - optional

Since N” N multiplications are needed for a direct DFT the algorithm needs to evaluate an N~ N
matrix. However the calculations required for the DFT can be organised in such a way that only N
Ib(N) multiplications are needed. This speeds up the calculation dramatically. E. g. for N=128 the
2
N = ﬁ » 18
NbN 7

FFT speed advantage over normal calculation is

However the algorithm is only applicable if N is a power of 2.

You can find more details about the FFT algorithm at:
http://www.intersrv.com/~dcross/fft. html#section3
http://www.ulib.org/webRoot/Books/Numerical Recipes/bookcpdf/c12-2.pdf

1.6 Symmetry and Fourier-Transforms

Let the function f(t) be a sum of an even function E(t) and an odd function O(t) (both complex):

f(t) =E(t)+O(t)

Then the Fourier transformation simplifies to:

¥ ¥
F(w) :2c‘f_(t) cos(wt)dt - 2i c‘j)(t) sin (wt)dt
0 0

Hence the following symmetry relations hold (see also following figure)

function f(t) Fourier transform F(w)
real and even real and even

real and odd imaginary and odd
imaginary and even imaginary and even
imaginary and odd real and odd

(complex and) even (complex and) even
(complex and) odd (complex and) odd

real even and imaginary odd real

real odd and imaginary even Imaginary

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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function f(t) Fourier transform F(w)

Imaginary

Beal even

Imag odd

Imag even

Imag odd

further examples: see MATLAB workshop

© Dr. Peter Blimler School of Physical Sciences University of Canterbury
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2. Convolution/Correation

2.1. Convolution

2.1.1 Definition:
The convolution (symbol: A) of two functions f(t) and g(t) is defined as:

¥

h(t)= f(t)A g(t)° (\j(t)g(t- t)dt [2.1.1]

- ¥
Assuming that the convolution integral exists:
Convolution is commutative: fAg=gA f [2.1.2]
Convolution is associative: f A(gAh)=(fAg)Ah [2.1.3]
Convolution is distributive: fA(g+h)=fAg+fAh [2.1.4]
2.1.2 The Fourier-Theorem of convolution (convolution theorem): [2.1.5]

If f(t) has the Fourier-transform F(w) and g(t) has the Fourier-transform G(w), then
h(t) = f (t) A g(t) has the Fourier-transform H(w) = F(W)G(w).

In other words: The transform of a convolution is the product of the transforms.
or: The convolution of two functions is the transform of the product of their (the
functions) transforms.
¥
h)= FOA g0)° (J© gt Dt =T F(f©)F(ow)] [2.1.6]
- ¥

Proof (only for interest here): Neglecting scaling/normalisation!

FT definition ¥\ ( )d defintion ¥\ g¥\ 8 ( )i
HwW = t)exp(- imtldt = (t) g(t- t)dtYexp(- iwt )it
) [1.3.3] d() P [2.1.1] Oé;d ) ) u P
¥ -¥ By ¢!
Change the order of integration:
¥ ey u
- A e Nyt o U
H (w) o) (t)e oy t)exp( |Wt)dtgdt
-¥ ey ¢
Substitute J =t- t, where t is a constant in the inner integral (hence the infinite integration limits are
not changed):
¥ ¥ u ¥ ey u
= ~ é A - a = ~ -1 e -1 U
H (w) Of (t)e O;(J)exp( iw(J +1))dJ gdt Of (Dexp(- iwt) eO;(J)exp( iwd )dJ gdt
- ¥ 8 ¥ ¢! -¥ 8y u

© Dr. Peter Bluimler School of Physical Sciences University of Canterbury
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The latter is the definition of the FT in [1.3.3], hence

¥ ¥
Hw) = (‘j(t)exp(-th)G(W) dt:G(w)c‘j(t)exp(- iwt) dt =G(w)*xF (W) ged!
-¥ -¥

Hence the recipe to calculate the convolution h(t) = f (t) A g(t) with FT is:

a) calculate the FT of f(t) P F(w) = §(f (1))

b) calculate the FT of g(t) P G(w) = F(g(t))

¢) multiply F(w) and G(w) b H(w) = F(w)G(w)

d) take the inverse FT to geth(t) P h(t) = §-1(H (w))

2.1.3 Examples:

Example 1: Electrical circuit - Plausibility of convolution

Consider an electrical circuit which responds on an input-signal of a sharp impulse (idealised a delta-
function) by an exponential decay. The electrical circuit could be an LC-circuit, but we can treat it
here like a black-box.

Vin Vout

Iy electrical iut ° g(t)
circuit
>1 > 1
0 0

Now what happens to the response if the input signal is of finite duration, t ?
This can be answered by dividing the input signal into an (infinite) sequence of (delayed) delta-
functions and hence sum their delayed responses:

o f(t)
V. V

m out

sum © h(t)

out

; ele.ctrl‘cal
circuit

> { —>1
0o t 0 t

The output is the convolution of Vi, (t) with the response to the delta-function.
¥

ht)=f®A g®° (Y t9g(t- t9dte
il

‘sum’ nput delayed response
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A more general example would then be, to consider an arbitrary (continuous) function, f(t), as the
input. This function still can be subdivided into (an infinite number of) ‘delta’-functions of heights
given by the function. The output will be then the convolution of the function with the response-
function, g(t).

The input is ‘spread’ or ‘smeared’ out by the impulse-response function, g(t). Therefore, g(t) is
also called the point-spread function!

Example 2: spatial example (detector) - plausibility of “point-spread function’

Consider an experiment in which a (photo-) detector of finite Size is moved past a very narrow slit
giving a ‘delta-function’ of illumination at X = 0. The response of the detector, g(x), would be at a
maximum near to, but not necessary equal to X = 0 (because of imperfections and misalignments).
There will be also significant response from the detector at some distance either side of X =0,
because it has a finite size.

{\

1llumination

> X /\ response = g(X)

detector
@ —>

tf\/" > X

d(X) is the impulse-response or point (of light)-spread function.

{)

An extended illumination f(X) will therefore cause an output of the detector which is additionally
smeared out or blurred by the ‘point-spread function’, g(X).... it will be the convolution of the two,
because each scanned point of f(X) will be burred into neighbouring points by g(X).

Example 3: out-of focus camera (we will later learn how to calculate a two-dimensional FT)

Each pixel of the original (sharp) photograph is then blurred by the out-of-focus response of the

camera (point-spread function) of a single pixel. The resulting out-of-focus picture is a result of the

convolution of the sharp scene with the point-spread function.... which is the overlap (sum/integral) of
the point-spread function shifted to each position of the original sharp picture and scaled by its gray-

scale value.

This process is used to soften images (cf. identical procedure by softening kernels in first part of
lecture).
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original point-spread function

product blurred 1mage
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If we could invert this ‘blurring’ process by convolution, we could reconstruct the sharp (hidden)
image from the blurred result. This process is called deconvolution and is an active field of research.
(example: sharpening the first pictures from Hubble-space telescope... before it got its correction
lenses).

We will later learn how this can be done and what problems are involved in the process.

Example 4: Maths (problem week 12)

The convolution of two ‘top-hat’ functions gives a triangle (video).
The FT of a ‘top-hat” function is a sinc-function. Hence the FT of a triangle is a (sinc)’.
2.1.4 Discrete Convolution:

Definition:
The discrete version of eq. [2.1.1] for a discrete vector X and a vector Y (with N components) is:

) B!
z= XAy, z= a X« Y [2.1.7]
-]
j=0

The symbol over the indices means, that they have to be treated cyclically, because negative indices
are not defined. This corresponds to (see also table below):

«

i-jO(@-j+n-1)modn (12.3)

In German convolution is also known as Faltung (folding) which is -maybe- more illustrative,
because the procedure is like shifting a mirrored (or ‘folded’) function over the other and determine
the overlapping areas.

Example: Convolution of a square with a triangle. Represented by two 5 point vectors T and S.

T=(0,1,23,00 and S=(02,2,2,0)

-
[ I 1 3 +
i i
a) vector T of an asymmetric triangle, b) vector Sof a ,,square*.
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The following table is to illustrate the cyclic indices fori =] = 0...4:

«

- ]

D e i e

0O 1 2 3 4

0 4 3 2 1 0

1 0o 4 3 2 1

2 1 0O 4 3 2

3 2 1 0 4 3

4 32 1 0 4

Manual ‘point by point’ calculation:
Tij TiS  z2=ST3

j= 01234 1234
S= 2220

A WO = O -
w N - O O
N —= O O W
—_—O O W N
S O W N =
O W = O
S OO O oo |IO

S

(@)}

B

S

=

o

or

The result of TA S=2z

This example shows again how necessary -not to say paramount- computers are for such problems.
Just envision performing this task for 2 vectors of 100 components!!!

Further examples: MATLAB workshop!
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2.2 Correlation

2.2.1 Définition:
The correlation (sign %) of two continuous functions f(t) and g(t) is defined by:
¥
f(t) % g(t) = c‘j*(t)g(t+t)dt [2.2.1]
-¥

for f(t) = g(t) this is called ‘autocorrelation’
for f(t) 1 g(t) this is also called ‘cross correlation’

In image processing one usually doesn’t work with complex functions, however care has to be taken
when Fourier-transforms are applied prior to correlation, because the result of a Fourier-transform is
generally complex. So for most cases we can ignore the complex conjugate in [2.2.1].

Then the difference to convolution (see definition in eq. [2.1.1]) is that correlation doesn’t fold or
mirror one of the functions but simply slides it over the other function. The integration in both cases
can be understood as seeking for the individual overlap for each argument of t. (see figure next page)

2.2.2 Correlation theorem:
Since (S(f * (t)) = F*(- W) we can simply restate the convolution theorem of [2.1.5]

If f(t) has the Fourier-transform F(w) and g(t) has the Fourier-transform G(w), then
h(t) = f (t) % g(t) has the Fourier-transform H(-w) = F* (W)G(w). [2.2.2]

However this is of minor importance for the course. Cross-correlations are used in image processing
for the analysis of templates or prototype matching to find the closest match between sets of images
(refer to Gonzales chapter 9).

We are more interested in the features of the properties and usage of the autocorreation function,
which is very important rather in Signal- than image-processing.

2.2.3 Theautocor reation theorem:
If f(t) has the Fourier-transform F(w), then its autocorrelation function

¥
fO* )= (J OF ¢+t)dt  has the Fourier-transform |F W) [2.2.3]
In other words: If’l order to calculate the autocorrelation function of f(t),
a) we take its FT P F(w)
b) take its magnitude P |F (W)
C) and square it P |F (W)|2
d) and swap domain by doing the inverse FT P f (t) % f(t)
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f(t) g(t)
N )
a) .
>t : {
0 1 0 1
Convolution Correlation

g(x-t) g(x+t)

| N /I

1 L]

I I
—pi [ —

Ve v

f(t)g(x-t) f(t )g(x+t)
d w
| \ > t / - > 1

1 ; b

1 1
—> —>

e v

ht) =) A g(t) h(D) =1(t) x g(©)

IR

[Mlustration of convolution and correlation of two real 1D-functions:
a) the two functions f(t) and g(t), b) the manipulations on g(t) by the operation,
¢) the integration/sliding step, d) the result.
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Proof of theautocorrelation theorem: (only for interest here): Neglecting scaling/normalisation

For that we want to show that the iFT of |F (w)|2 is identical to the definition of f (t) & f (t).
¥

¥
%-@qu% = @C(W)|2 exp(iwt)dw= (Y * (w)F (w)exp (iwt)dw
-y -y

now we apply the convolution theorem in the form of [2.1.6]:

31w’ =5 [F w)FFw)] = oA fo

which is by definition [2.1.1]

¥ ¥
TIFWLS = (- v) fde= f*t-v foa
-¥ - ¥
Substitute J =t -t
¥
%'I@Z(W)Fg = @‘ *A)ft+d)dI=f@®) x f(t)  qged!
- ¥

As we see the autocorrelation theorem is a special case of the convolution theorem!

What is it good for?

2.2.4 Applications of theautocorreation theorem:

As the name suggests the autocorrelation of a function tells you something about ‘how the function
relates to itself’. Therefore, it can be used to check for the information content in a function.

Consider a function which contains only noise. If we shift it over itself and integrate the overlap, the
result will be completely uncorrelated for each shift other than zero, because here the function
matches itself perfectly. It is easy to see that the result of the autocorrelation of perfect noise (hard to
generate!) will be zero everywhere but at zero, where the result is integral of the square of the
function.

Hence, the autocorrelation function of perfect noise is a delta-function. The autocorrelation function
of any function will peak at zero, because any function correlates perfectly with itself (at zero
shift...trivial). However, deviations at other frequencies than zero give inside into the information
content, which might hard to recognise otherwise.

Example: see next figure.
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a) b)

sy T

0 0

The figure above shows a discrete application of the autocorrelation theorem MATLABs FFT,
which is a discrete FT).

a) a noise vector is generated (using randn). ¢) shows its autocorrelation function. We realise that
the expected delta-function is well resembled. However, the fact that it is not perfectly flat shows the
limitations in random-number generation.

b) is the same noise vector as in a) but with a sine-signal of low amplitude added.

d) is the autocorrelation function of b). We recognise significant deviations from zero (flatness) at
values W 0, which tell us that b) isn’t completely noisy!

Such or similar operations are used to check noise generators for their quality and to seek
information in noisy signals. The SETI program uses similar procedures to search for ‘intelligent’
patterns in radio signals (for a screen-saver see www.setiathome.com).

further examples:
see MATLAB workshop

(for the really hot physicists: you might ask me about the relation of the autocorrelation function to
Patterson synthesis of the reciprocal lattice in X-ray diffraction)
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3. Filtering

3.1. Filters

What is a filter?

Input iInput

output: output:
1 for everything 1 for liquids
0 for solids

Definition:
A filter is a function that selectively suppresses (filter-function= 0) or passes (filter-function= 1) or
scales (0 < filter-function < 1) an input.

We will define filter-functions predominantly in the frequency domain, which meansin the
reciprocal domain of the function to befiltered.

This is because we want to select certain frequency components of a function.
When we stick to our definition of the origin of discrete FTs being in the centre of the co-ordinate

frame, we will find the low frequencies at the centre and the higher frequencies at the edge. Hence,
filter functions are classified by the region of frequencies they let pass of suppress.
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Here are two one-dimensional examples: A low-pass and a high-pass filter:

A N
low-pass high-pass
1 1
0 0+
T V(/ T V([
. 0 . . 0 ,
high low high high low high

How is this done?

If the function f(t) should be filtered, we convert it into the frequency-domain by performing its FT
giving F(w). Subsequently we multiply each point of F(w) with the filter-function. The iFT then gives
the filtered function.

Hence: low-pass filtering (with the ‘top-hat’ function above) corresponds of a convolution with
a sinc-function.

high-pass filtering (with the inverted ‘top-hat’ function above) corresponds of a
convolution with a delta-function minus the sinc-function....why?).

Ly —

F(w)

0
F(w)L(w) low-passfilter
L - L
______ L «— <L
W W
0 0
f.(O . H(W)
I | w o W
0 0
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This is illustrated in the figure above, where function f(t) -which consists of a sum of two cosine-
functions of different frequencies and amplitudes- is low-pass filtered giving the component with the
low frequency. While a high-pass filter reveals the component with the high frequency (and lower
amplitude in this case).

There are many filter functions- the following table gives an overview. In the last column they are
applied to a test function (below)

test function
0
name formula graph result
A
AR \ =
T <
low-pass F(w) :}1 for M He \
10 else
SN J \ R

) 10 for (W <w,
high-pass F(w) = } |V\'1 C

11 else Wﬂﬂ] ¢W.M\ MI "

band-pass F(w) =
%1 else WWMM'M %WM

- F(w) =1[1- cos(w)] / \\ N
| / Pt
J with 0<w<2p / \ f’"J ‘“‘1
/ \
% N Bl N

N
Butterworth _ 1 /)
F(w)= o

2w 0

[\
of degree n 1+ / \
= We g / \\__

in this table W (as well as w; and W,) denotes a cut-off frequency.
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Of course Hanning- and Butterworth-filters can also be used for high-pass filtering (simply by
applying H(w) = 1 - L(w))

Examples: MATLAB workshop.

3.2. Reciprocal Domains, Spatial Frequencies and k-space

Fourier transforms are usually introduced using time and frequency as reciprocal domains.
However, this isn’t very useful for image processing, because images will usually have spatial co-
ordinates.

On the other hand, the Fourier-transform is just another mathematical operation, which transforms
one function into another, and it doesn’t really matter on what co-ordinate system it is based.

The above statement is sufficient, and we could leave it as that. However, due to their importance we
will have a more detailed look at spatial frequencies.

Consider a quantity that oscillates as a function of position (X) as shown in the next figure. This could
be a short-time exposure of a swinging string, water wave or the general feature of a surface (e.g. a

grating).

A f(X)
| In this case we can write: f (X) = cos(KyX)
\ /\ /\ / 2( K is called spatial frequency (in X-direction)
VAVAY,
K, = 2p -~ 2p number of oscillatio ns
I metre
dd 4o id aikxX 4 g iKyX
we can also apply complex notation: cosJ = — or f(x)= O

Like in the discussion of Fourier-series (see page 7) the
spectrum of f(x) = §(f(x)) = F(k) consists of two spatial frequencies associated with * k,

Likewise we could say that the (even) cosine-function cannot distinguish between positive and
negative arguments.
\ F(k)

A
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A spatial Fourier-transform is then defined completely analogous to the temporal FT:

1 ¥

FT: G(ky) © X)= —— 9(X)exp (- ikyx) dx 3.1.1

(ko) © §900= 7 Ooew (- ik [3.1.1]
-¥

iFT: 9(%) ° § G(k,) = e (P (k) exp ik X) diy [3.1.2]
-¥

We note that a spatial frequency is likely to vary not only with X, but most likely with y and z as well.
This gives rise to the question of two-, three- and multi-dimensional FT. We will cover that in the

next chapter.

Physics example: Fraunhofer diffraction:

Reminder: Fraunhofer diffraction experiment is arranged such, that the diffracted rays travel a very
long distance to the screen. Alternatively a lens is used to focus all rays diffracted through an angle q

to a point onto the observing plane (at finite distance).

The following figure illustrates this set-up. The diffraction plane (e.g. two slits) is described by a
general spatial transmission coefficient g(X). Due to the theoretically long distance the diffraction

distance, d, on the screen is proportional to q for small Q.

Incoming plane wave

|

lens

diffraction plane

9(x)

Theorem:

The Fraunhofer diffraction pattern produced by a spatial transmission coefficient g(X) is the spatial

FT of g(x).
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X4

2
19

~

wavelength |
amplitude |

Incoming plane wave

diffraction plane

9(x)

The extra path length, D, of the upper ray relative to the lower at X=0 is given by D = X sind.
Hence, the upper ray has a phase lag of df = 2pXxsing

The total amplitude of the transmitted wave - diffracted into direction - is then given by integral over
all these rays,

¥
AN x . XS]Il 0
(@) = (o900 expl i2p
e 9
-¥
Now we use the fact that q is small, hence sing » g, and we substitute K, = @
¥ .
N\ e . Xgqo
(@) » (o900 exple 12p 5
& | o
-¥
¥
1(ky) =1 (\y(x) exp(- ixk Jdx  ged!
-¥

however, the eye and all (time-integrating) detectors only detect the intensity of light = |I (kx)|2

Knowing the autocorrelation theorem, we can even extend the statement for detectors:
The Fraunhofer diffraction pattern produced by a spatial transmission coefficient g(X) is the spatial
FT of g(X). Detectors will show the FT of the autocorrelation function of g(x).

Hence, for a single slit (‘top hat’) the screen will show an intensity distribution proportional to sinc®.
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4. 2D, 3D and nD Fourier Transforms

4.1. De€finitions

Without proof: Definition of the 2D-spatial FT of a 2D-function g(X,Y):
1 N N\ .
2D-FT: G(ky, ky) © S axy) = 2— O(y X Y) exp[- |(kxx+ kyy)] dxdy [4.1.1]
-¥-¥
¥ ¥

. o 1 N N\ .
2D-FT: g(xy) ° § Glkyky) = = 55 0P ky)exp[+|(kxx+ kyy)]dkxdky [4.12]
-¥-¥

Straightforward analogy then gives the ND-FT of an n-dimensional function g(X;,Xa,...Xn)

G(ky, > Kyy Ky ) © & 9(Xg2 X500 X)) =

% e g u [4.13]
x2,...,xn)expg- A Kx, xagdxldxz....dxn
-¥ e a-=l u

how does the ND-1FT look like?

Example: 2D-rectangle g(X,y) with side-lengths ay and a, (see figure next page)

-3 - & a7
func‘uong(x,y)—ll for y XSt U y SY=tS

10 else

Gk ky) ° §oxy)= 35 (‘) oy el illooce kyy] oy
-¥-

+ay
ZZL (\)exp( iky )

2

. 1 = . .
xp(- ikyx) dx dy:2—p Oexp(— |kyy)dy Oxp(- ik, x) dx

NI|>9> Q/ N-ll;?’ « Q’
+
|
+
|

dependsnot on y

hence the FT can be separated into the product of 2 integrals we have already solved in part 1:

akyay 0 aya 5  akyay 6
G(ky, ky) =1 ay smcgkx x 9 ay sinc YV r- XX Smc(?(xax Qginc &Y y2
2p g 2 2p e 2 g é :

a 2 1]
just the product of two sinc-functions (frequency depends on the widths)
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2D-FT of a spatial rectangular function. a) spatial function g(X,y), b) 2D-FT as grey-scale plot
(limited amplitudes), c) same as a) but as surface plot, d) 2D-FT as surface plot with unlimited
amplitude - negative parts are not visible, €) same as b) in surface representation.

Qualitatively it can be recognised how the wider side ay transforms into a narrower sinc (higher
frequency) and vice versa. On the X=0 and y=0 lines (centre) the FT corresponds to the 1D-FT of
1D-profiles along g(X,y). At higher K-values these profiles are scaled by the orthogonal function
(might be zero at a root).
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I mportant:

ALL THE THEOREMS WE HAVE LEARNED IN PREVIOUS CHAPTERS ABOUT ONE-
DIMENSIONAL FOURIERTRANSFORMS CAN BE CONVERTED DIRECTLY INTO
MORE-DIMENSIONAL FOURIER-TRANSFORMS.

(e.g. addition, similarity, shift, convolution, correlation, symmetry, etc.)

CAREFUL: If the function is for example only shifted along one dimension (e.g. X but not Y) the
shift-theorem applies only to the corresponding Kk-dimension Ky in this case, function will have
additional phase along that direction).

Discrete 2D-FT:
In the example above we have seen how the analytical 2D-FT can be separated into two 1D
integrals/FTs. Analogously we can apply the 1D-DFT to discrete 2D data.

We do the 1D-DFT for all rows first and then do a 1D-DFT of all columns (or the other way
around: first columns then rows) as shown below:

1D-DFT of rows 1D-DFT of columns
>
>
;
>
>
>
>
>
>
>
>
>
> VY VYVYVVVYVVVYYVYVYYVYYYY

Example:

This process is of paramount importance for Magnetic Resonance Imaging (MRI). Where the data
are acquired in K-space and 2D- or 3D-FT is used to generate the image.

(see figures next page... details about MRI on request)

Similar processes are observed in diffraction (the previous figure of the 2D-‘top hat” function) can be
understood as a slit for Fraunhofer-diffraction. The diffraction pattern would then be the squared
modulus of the 2D-sinc function.

It is important to notice that the observation of an intensity (autocorrelation function) doesn’t allow
the reconstruction of the original function. This is causing the so-called ‘phase-problem’ in diffraction
(e.g. X-ray crystallography... cf. lab experiment). See second graph on next page.
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raw MRI data saggital image

Comment:

CT- and PET-scans (some older MRI) are produced differently. They apply a method called
‘reconstruction from projections’ (or ‘backprojection’ (BP)) using another transform...

the Radon-transform. (P PH 609 Medical Physics or ask me about it)

MRI Diffraction

MR- image lattice
r(r)
time diffraction
signal intensity
|2
s(k) (k)
autocorrelation patterson-
function function
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4.2. Some special featuresof 2D - FTs

421 Thegandard theorems

As stated before there is nothing new here to learn, and the theorems from part 1.4 can directly be
translated into a two-dimensional form. We repeat them here without further proof in their
mathematical form.

Similarity theorem (see 1.4.1 and example page 38f.)
k
y

1 _ak, kyo
If f(xYy) %@ F(ky, ky) then f (ax,by) YH® = F%?X’Fg

Addition theorem (see 1.4.2)

If f(xy) ¥%#® F(ky.ky) and g(xy) yH® F(ky. ky) then
fXY)+9(Xy) ¥7a® F(ky, ky)+G(ky, ky)

Shift theorem (see 1.4.3)

If F(xy) %A® Fky, ky) then f(x- ay- b) Y@ exp|- i(ak +bky )] F (ky ky)

Parceval’stheorem (see 1.4.4)
If f(xYy) 3/4§1® F(Ky, ky) then

¥ ¥ ¥ ¥
\ 2 N\ *
OO VI dxdy= O)CF (X V) f7(x.y) dxdy
-¥-¥ -¥- ¥
¥ ¥ ¥ ¥
N\ 2 N\, %k
= (ﬁ,c(kx,ky)| dkdky = (Y (Kxoky ) (k. ky )dkydky
¥-¥ ¥-¥

However, there are some cases which do not have an equivalent in 1D. One important example is
rotation (another is shearing and mirroring.... we will not cover them in this course, but if you are
interested .... ask me for additional material).

4.2.2 Rotation in two dimensions

Rotation of an image by an angle ( in two dimensions, means that each pixel at a position (X,y) will
be transformed into a pixel at a new position (X', Y’). This transformation is given by the following
transformation matrix:

axW® aecosq  sin Oaxo
ré=g =R r =g . g = [4.2.1]
gy‘% =4 E sin g coqu;gyz
¢ .
hence: X Xcosq +ysing [4.2.2]

y¢= - Xsin q + ycosq
this principle is illustrated in the following figure:
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\7
X

rotation b
ydq

|
The same transformation also applies in K-space (without proof*). Hence,

Rotation theorem:
If f(xy) 3/45;}:@ F(ky, ky) then

[4.2.3]

R,T(xy) %h® R F(ke ky)

F(X,y) %3® F(kg,kg)

f (Xcosg+ ysin g, - Xsin g+ ycosqQ) 3/4§® F(ky cosq+Ky sin @, - Ky sin g +ky cosq)

This means that the co-ordinates in K-space are
rotated by the same degree. As demonstrated in the
Figure on the right.

If you look very closely, you also recognise aliasing
in the k-space image for the rotation at 30°. This is
because the sinc-function theoretically extends to
infinity. Hence it can re-enter the image as if
extended on a cyclically wrapped infinite space.

ﬁ»

30°

g =45°

*the proof is relatively easy. Because the FT is a linear transformation affine transformations can be calculated

straight-forwardly. Try it!
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5.  ImageProcessing in the Frequency Domain

5.1. Filtering

Now we are going to apply the same filters -which were introduced in part 3- in two
dimensions.
The following table gives an overview:

name/formula graphs
low pass
} 2. .2
F(kx,ky):}l for kX +ky <WC
10 else
high-pass
} [2 12
1 else
Gaussian
® k2 +k20
Fikoky) =expl =527
e C g
Hanning
_16€ & 2, 2
F(ky, ky) —%gl- 0058 ky +ky a‘.’]
with 0 <k, <2p and 0<ky <2p
Butterworth of degree n
_ 1
F(anky) _W
1 +7kx * :y
we

in this table We denotes a cut-off frequency.
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We see that polar co-ordinates are used rather than Cartesian. This is useful, because then we
only have to define a single cut-off frequency (the same then for all dimension). Therefore, all
we have to do is to replace the 1D co-ordinate from part 3 (w, see page 34) by a radial

definition:
ke = kg +ky

Of course, other definitions -e.g. for low-pass filters- are also useful (see below). Think about
possible applications and how to define them in MATLAB!

We now want to study their effects in image processing. (they are principally the same as in
1D, but we are more used to look at 2D-images).

Therefore, a test-function is defined (as shown below) and the 2D-filters from the previous
table are applied by multiplying the filter-function with the 2D-FT of the test-function. The
inverse 2D-FT gives then the following images.

test-function

low-pass high pass Gaussian Hanning Butterworth (n=2)

We see how the low-pass filter s (Gaussian, Hanning and Butterworth were also defined with
a low-pass characteristic) reduce noise and also cause smoothing effects (similar to
neighbourhood averaging in the spatial domain). This is because they only let the coarse
features (at low frequencies) pass.

Noise tends to be random from one to the next pixel and therefore to occur at the highest
spatial frequencies. Therefore, low-pass filters reduce the noise, by suppressing these high
frequencies.

On the other hand, high-pass filters let only these high frequencies pass. Therefore, there is
an enhancement of the noise. Remembering the FT of the ‘top-hat’ function, we recall that the
edges actually transform to all frequencies. By letting only the high frequencies pass we
suppress the coarse features (also amplitudes or grey levels) and selectively filter strong
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contrast changes. Hence high-pass filters can be used for edge-detection (cf. gradient kernels
in the spatial domain).

Example: L ow-pass

The influence of the cut-off frequency (radius of the low-pass filter) is further illustrated in the
following figure.

Fig. 5.1.: Application of low-pass-filters of different cut-off frequency (radius r) to an image.

Top row: left: original image (256" 256 pixel®), centre: 2D-FT (logarithmic grey-scale); right: as centre but with
overlaid radii of the following low-pass filters.

The next rows show the filter function on the right. The centre is the multiplication of the 2D-FT of the original
image with the filter-function (symbolised by the MATLAB command . *). The left column is the reconstruction
of the image after inverse 2D-FT of the filtered k-space function in the centre.

a) cut-off frequency = 128 pixel, b) 80 pixel, c) 40 pixel.
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We clearly see that a lower cut-off frequency smoothes the image significantly (also produces
some artefacts).

Example: High-pass
The influence of the cut-off frequency (radius of the high-pass filter) is further illustrated in
the following figure. Remember that HP=1-LP!

b)

c)

Fig. 5.2: Application of high-pass-filters of different cut-off frequency (radius r) to an image.

Top row: left: original image (256" 256 pixel?), centre: 2D-FT (logarithmic grey-scale); right: as centre but with
overlaid radii of the following low-pass filters.

The next rows show the filter function on the right. The centre is the multiplication of the 2D-FT of the original
image with the filter-function (symbolised by the MATLAB command . *). The left column is the reconstruction

of the image after inverse 2D-FT of the filtered k-space function in the centre.
a) cut-off frequency = 128 pixel, b) 80 pixel, ¢) 40 pixel.
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This is somewhat the opposite. The higher the cut-off frequency, the stronger the effect. We
clearly see the difference in the edges, which are detected. The highest cut-off (a) gives only
the black/white stripes on the jumper (highest contrast). Weaker contrasts appear for lower
cut-offs.

The sum of the corresponding images in Fig. 5.1 and Fig 5.2 then must reveal (addition

theorem!) the original. Hence, we can inspect Fig. 5.2 for what image information was
removed by the filter in Fig. 5.1 and vice versa.

Example: X-ray data [1]

d)
Example of high-pass filtering: a) original x-ray image. b) image processed with a high-pass
Butterworth filter (define!). c) result of high frequency emphasis (= high-pass + constant in
order to preserve the low frequency components or coarse image features... however they are
damped compared to the edges). d) histogram equalisation (see part I) of c).

For the interested: Advanced filtering also includes homomorphic filtering (see [1] page
213ff.) and adaptive filtering (see [1] page 218ff.) or ask me....

[1] adapted from R. C. Gonzalez and R. E. Woods: ,,Digital Image Processing*, page 214.
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5.2.  Removal of Moiré patternsand other interference

Moiré patterns arise when halftone images (raster graphics) is scanned in. If the graphic is
scanned in with a different resolution (dots-per-inch) or re-scaled (see example below),
disturbing interference of the two different rasters can occur.

So how does the FT of the image above look like? The raster is much smaller than the image-
feature (eye), hence it appears at high spatial frequencies in k-space. It also has a regular
pattern, which must dominate the FT (cf. repetitive structures = single frequency). So we
expect isolated peaks at high frequency to be responsible for the raster.

|3
low-pass

- 3,

5
— —

L
o ¥
L
L

We see that the 2D-FT looks exactly like predicted. So We can remove the Moiré effect by
applying a low-pass filter with a cut-off frequency smaller than the first of the reciprocal raster
peaks (shown in the figure (a) above). However, this causes smoothing by neighbourhood
averaging.

Likewise, we can apply a suitable mask (see (b)) which just blinds the reciprocal raster peaks.
The reconstructed image shows more detail.

Similar effects are often observable in physical scanning techniques (which do you know?).
The scanning raster is often visible as an artefact and can be removed by masking or low-pass
filtering as described above.
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Similar effects can also occur, if the data are acquired in spatial frequencies (what physical
methods do you know which do that?) and a single or more points obstructed by a ‘spike’
(single miss-read value, typically of high amplitude).

Then the reconstruction of the data will reveal some very intense interference pattern (see
figure below).

—
<
g

o=
en

o=
—
o

Explanation figure:
The images are shown together with their 2D-FT. Single ‘spikes’ (one intense pixel) in k-
space are marked by circles.

a) A spike on the ky-axis causes horizontal stripes in the image.

b) A spike on the ke-axis causes vertical stripes in the image. (Note the increased distance
and width of the interference pattern / stripes. This is due to the fact that the spike is at
lower k-values than in a).

c) A spike at an angle q from the centre causes stripes normal to the connecting axis
(spike- centre ok K-space). (Note the very high frequency of the stripes, because the
spike is close to the edge of k-space = high spatial frequencies).

d)  Due to the addition theorem, multiple spikes cause a sum-effect.

further examples: MATLAB workshop, question week 17.
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0. Deconvolution

6.1. Blurringand Deblurring (the Theory)

Convolutions occur very often in physical data. For instance in blurred images, aperture functions,
damping of oscillations, and other experimental or principal blurring conditions. A well-known
example was the first solution of the misadjustment of the optics in the Hubble space-telescope. The
images were all blurred by some instrumental function, which could be simulated and corrected by
data analysis (not very successfully though, later correction lenses/mirrors were installed ).

Such corrections are known as deconvolution, which is a typical example of an ‘inverse problem’.

Inverse problems are a class of problems, where there are many input variants which result in a
relatively simple output and some of the input variables should be determined. Such problems are
mathematically ‘ill-defined’, which means that we have to simulate and/or guess some of the input
values to model the output.

We remember the definition of the convolution theorem (see session 12):

If f(X) has the FT F(ky) and g(X) has the FT G(ky), then f(x) A g(X) has the FT F(k)%5(K,);
that s,
convolution of two functions means multiplication of their Fourier transforms.

So a blurred function or image is given by h(x)=f(x) A psf(x) and it’s Fourier-transform
H(ky) = F(k)®SF(ky), where psf is the blurring or point-spread function and PSF it’s FT.

Why can we not deblur the function h(X) (that is recover the unblurred function f(X) ) via

f00 = § a1t o iy © pef () [6.1]
8PS (ko)

this is the straight-forward definition of a deconvolution (symbol Q) . However, we do not know if
the fraction is defined, because PSF(Ky) could be partially zero, and it usually is!

Therefore, from rigorous maths this problem is usually not solvable (not ‘invertable’) or generally ‘ill-
defined’!

The problem is illustrated in the following graphs:

a) shows the blurring of function f(X) by the point-spread function psf(X) via convolution
h(x) =f(x) A psf(x)
b) illustrates the same using the convolution theorem in the FT-domain.

¢) now deblurring of h(x) is tried via deconvolution (however we are not sure if it works)

d) this shows inverting the convolution theorem by dividing H(ky) by PSF(ky). However the result of
this division is not defined everywhere!
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f(x) psf(x) h(x)

— | | ? o
§ § g S
-
F(k) PSF(kx) Hio £
b) i ® /\ _ =

h(x) psf(X) f(x)
(@
C) N ; ‘? 3
. S
<
| | =
$ § 5
=

H(kx) PS-(kx)

undefined!

d) &, j\ — /

This first inspection of deconvolution might lead to the assumption, that in most cases it will not be
possible to deblur data.

However, it would be of great importance for many scientific and technical applications to improve
resolution of data. Therefore an entire scientific (essentially engineering and mathematical) research
field exists, which has concentrated to solve or optimise this in rigour mathematical terms
‘impossible’ process. ) To describe the various theories is definitely beyond the scope of this
introduction.
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However, a few simple tricks will be shown, how this can be done. Therefore, we focus on the
‘ideal’ (=noise-less) data of the previous example first.

a) Removing undefined regions by replacing them in the result of divison:

One way of avoiding undefined regions via division in the FT-domain is to identify such regions and
replace them with zeros (or more advanced replace them with interpolated or predicted data). This
process is illustrated in the following graph.

undefined!

/ N

a) b) c)

Here the result of the division a) (see most right figure of part d) in the previous figure) was
inspected, and the undefined regions (division by 0) replaced by zeros (creating figure b). Inverse FT
then reveals the ‘deblurred’ function f'(X) (in c), which is (of course) not identical to the unblurred
function f(X) but very close! The blurring has been removed!

b) Adding a small valueto the denominator before division:

Another (and generally easier) way is to avoid undefined regions. They occur in discrete
deconvolution by the fact that we divide a quantity by a very small number (possibly 0) which
generates a result that doesn’t compute (exceeding the definition range of numbers)! By adding a
small constant to the denominator we avoid this problem, because it will influence the general
operation only slightly but avoid excessive number generation. This process is illustrated in the next

figure.

< (%)
5 (\ -§-
/ e —
a) b) c) d)
The addition of a small constant (10 in this case) doesn’t alter the visual features of graph b) (cf.

figure d) on page 52), but tremendously alters the result of the division c) and its reconstruction via
inverse FT (d). Hence, this is another way of deblurring!
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Generally a different strategy isrecommended:
Rather performing the deconvolution via the definition in eq. [6.1], it is often easier to create an
‘inverse convolution” function d(x)!

% H(kx) u o~

EPF (kU (geH( ) B k)l & =3 [H(k) (k)] hx) A d(x) [62]

PSF (K

This ‘inverse convolution’ function then can be inspected for critical regions (excessive small or large
values), noise, etc. Once it has been identified from measured data, it can often be modelled as an
ideal function for deconvolution.

For the Gaussian blurring function (psf(x)) from above d(x) and D(Ky) look as follows:

1.0 n 20
|
8 psf(X) 15| PS=(Ky) +103
0.6
_ 10
04 9
A 5 )\
0.0 0
-150 -100 50 0 50 100 150 -150 -100 -50 0 50 100 150
X ky
Inversion
1000 1200
800 1000 ‘
600 — 800 ’
400 d(X) é%— 600 D(kx)
200 400
0 J 200 \_J
-20-01 50 -100 -50 0 50 100 150 -(% 50 -100 -50 0 50 100 150

X kx

(the interested reader is referred to R. H. T: Bates and M. J. McDonnell: ,, Image Restoration and
Reconstruction Oxford Science Publ. Series 16, Clarendon Press, Oxford 1986)

6.2.

From the previous figure we identify the inverted convolution function of having the characteristics of
a high-pass filter (see page 34). Hence, we expect it to emphasise noise.

In fact, deconvolution is extremely susceptible to noise. This is because noise is not part of the
blurring or convolution process, as

The Deconvolution-Killer - Noisel

blurred image = (unblurred image) A (point-spread function) + noise

which makes the inversion of the equation as in [6.1] additional complicated. Or in other words, the
small values in the FT of the psf will transform in large values in the ‘inverse convolution” function and
hence scale up the noise:
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f(x) hx) d(x) X
oY

VA =
B U NV B W B
f\ A [y
_ UL e

psf(X) h(X) + noise d(x)

Therefore, deconvolution always needs good (low noise) data. Usually an noise-reduction step is
included in deconvolution algorithms in a pre-processing step.

6.3. Application of Deconvolution

Deblurring:

Like in the 1D case deconvolution can be used to deblur or sharpen images. If the image was for
instance obtained by a camera, which was out of focus. If we can reconstruct the blurring
(convolution) function, we can also deconvolve the image (if it is not too noisy).

The 2D-result looks much better than the 1D-case. This is because our brain is used to look at 2D-
images and interpolates and connects neighbouring information (we simply have more information to
reconstruct the image in our mind).

deconvolution

Further examples: MATLAB workshop.
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Motion artefacts:

Images which are blurred due to motion can also be described by a convolution, where the static
image is convoluted with a ‘line’ representing the motion of the camera or object during acquisition
or exposure . If we know the relative distance during exposure and angle of motion it is straight-
forward to reconstruct the image.

Alternatively, it can be reconstructed from the blurred image itself.....HOW?

original

==
S — | 4
- T

Further examples: MATLAB workshop.

Overlapping Data:

Sometimes images are also obstructed by copies of themselves (often referred to as ‘ghosts’). This
can be caused by reflections or misadjusted sampling intervals or physical principle (think for
instance of an x-ray of many identical objects at different positions in the image plane).

If the arrangement of the objects is known (and they are identical) an arrangement matrix (image) can
be constructed which has a 1 (or different weighting) at the centre of mass of the object or another
point of reference. Deconvolution of the original and this arrangement matrix then yields the ‘single
mage’.

original

devonvolution

i

arrangement

8-
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7. Othe Transforms

7.1  Someother Important Transforms:

transform reference usage in image processing

Cosine-transform [1] p. 1431t data compression

Abel/Hankel-transform | [2] p.244ff. Reconstruction of 1D-projections into Cartesian 1D-
‘cross-sections’.

Radon-transformation [3] 5171t Reconstruction of cylindrical projections of a 2D-
object into 2D-Cartesian co-ordinates

[11 R.C. Gonzalez and R. E. Woods: ,, Digital Image Processing“, Addison-Wesley Publ., New York 1993.
[2] R.N.Bracewell:, The Fourier Transformand Its Application”, McGraw-Hill, New York, 1986.
[3] R.N.Bracewell: ,, Two-Dimensional Imaging®, Prentice Hall, New Jersey, 1995.

7.2. TheHadamard Transform

This is one of the less-known transformations. However, it will discussed in more detail, because it
has some very important applications for image transmission in space-science!

7.2.1 Definition of the Hadamard transfor mation:

The Hadamard transform (symbol ) Onn(X,y) of a discrete image (matrix*) fp(X,Y)
(consisting of N rows and N columns, where N is a power of 2) is given by the multiplication with the
Hadamard matrix Hp, .

The inverse Hadamard transform (symbol 5) is given by the multiplication with the transpose
Hadamard matrix H; .

Inn(%Y) =D frn(%y) = Hyp fan(xy) [7.1]
frn (X Y)zg On.n(X,y)= %Hﬁ,n In,n(X%Y) [7.2]

= 1
fan(X.y)= H (‘g) fa.n(%,Y) ): HHﬁ,n (Hn,n fr.n (% Y)) [7.3]

* to be completely rigorous we should have introduced images as matrices as well (so f, (X, Y)

rather than f,, (X, y) and gy, n(X,Y) rather than gp ,(X,y) would be more appropriate!)

Note: That this time we have to perform a matrix multiplication (MATLAB * ) rather than a dyadic
product (MATLAB . *)!
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So what isthen a Hadamard-matrix?

The most simple Hadamar d-matrix is for =2:  H, , =

where ,,+* represents 1 and ,-“=-1.

_a&l +10,a +0
&t -lg &+ -

[7.4]

All other Hadamar d-matrices can be constructed from H; 5 via the following recursion formula:

H ﬁann +Hn,n9
2n,2n = g’*’Hnn 'Hn,nTg

Note the same pattern as in H, 5 (all you must remember is H; 5 ).

+9 & +t00 o + + +0
Eg H :%Hz’z +H220 g+ 'ﬂ 8+ -g_ - g+ -+ -:
-y g g+ Hop -Hyop (g‘ t0 o8 10+ + + - -

& -5 & -5y g"’ - -ty
and so on...
e + + +0 o + + +00 o
CCr - + - - G+ - + - T Gy
gg'l' + - - : g+ + - - :_ g+
H _agHyy tHu40_ g3+ - - 4y §+ - - g :9+
88 ~ +H44 - H4,4g Cot + + +0 a+ + + +07 ct
¢o+ - o+ -7 G4 . 4 TE ot
C’g+ + - -1 g+ + - -1 Gt
9 - - tg &t - - gy &+

The result can be checked as follows:

[7.5]
+ 4+ 4+ + + +
-+ -+ -+
+ - -+ + -
- - 4+ 4+ - -
+ + + - - -
-+ - -+ -
+ - - - -+
- -+ -+ o+

1) The sum of all rows and columns must be zero, except for the first row and column, whose sum

must give be equal to the rank.

+
+
+

1-O:

+ + +
oo
4+ o+ o+ o+
+ 0+ o+
' ' +
PN
g e

VOO un

- - 4+
-+ -+ o+
S=8 00 00 0 0O

w0

+
L T B
o 4
SO OO OO O

9

2) Hadamard matrices are orthogonal, hence
Hn.n Hﬁ,n =nl

o Hp o HE _al +10ee]l +1o_ad+l 1-10_a8 00_
& HnnPfin S L& 15781 14157 %0 2570

[7.6]

2@ 002y

lg

© Dr. Peter Bluimler School of Physical Sciences

University of Canterbury



PH 502: Image Processing Other Transforms page:59

We also see that via definition in eq. [7.4] and recursion in eq. [7.5]:

Hnan = Hﬁ,n [7.7]

Note the symmetry! As also shown in the following graphs of Hadamard matrices (the beauty of
maths!) where white = +1 and black = -1.

3 i B TR e PR i sl

5127 512

7.2.2 Application of the Hadamard transfor mation:

Hadamard transforms are used first of all because they are simple! Furthermore, they have the
property that they spread the information content of a single pixel over two columns of its
Hadamard transform. Hence, they represent an easy way to encode image information content over
‘more or less’ the entire image (,,holographic®).

This can be used to ensure improved image reconstruction in case of data loss (When the data are
send row after row!).

Imagine a space-probe is send to another planet or moon, from which it is sending images. The
images (grey scales) could be transmitted as bytes (8-bit) for instance row after row until all data is
transferred. However, it is quite likely that due to some events (e.g. solar wind, objects moving in the
path, reflections etc.) there will be a interruption of the data flow.

Hadamard transforms can be utilised to minimise the data-loss in such a situation.

© Dr. Peter Bluimler School of Physical Sciences University of Canterbury



PH 502: Image Processing Other Transforms page:60

Then the data in (b) is send row after row to the receiver. If some event corrupts the stream of data
(c) (here represented by zeroes between 86" and 96™ row) the inverse Hadamard-transform
restores the image (d) as a whole (the loss of 4% data is almost invisible). If we wouldn’t have used
the Hadamar d-transform in this case, the presence of the moon would have been lost in the image.

Other matrix transforms (e. g. Walsh, Sant, Hotelling... ) can be found in (R. C. Gonzalez and R.
E. Woods: ,, Digital Image Processing, Addison-Wesley Publ., New York 1993, page 128 ft.).
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